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urAbstract Let m and n be positive integers and p any odd prime. In this paper we
consider the Diophantine equation x2  4pm =±yn in positive integers x and y
where (x,y) = 1, and we show that under some not very restrictive conditions,
this equation has only ﬁnitely many solutions (x,y,m,n), and we provide a small
explicit upper bound for n which only depends on p.
ª 2012 King Saud University. Production and hosting by Elsevier B.V.
All rights reserved.1. Introduction
Let a, b, x, y, m, n be positive integers. Many special cases of the Diophantine
equationsax2 þ bm ¼ 4yn; ðx; yÞ ¼ 1;
have been studied over the years. Ljunggren [4] studied this equation for a= m=
1 and n= b= 3 and proved that it only has two solutions. When a= m= 1, yaud University. Production
.V. All rights reserved.
onsibility of King Saud
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iefah@yahoo.com (F.S. Abu Muriefah), Amal_dfr@hotmail.com (A. AL-Rashed).
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[9] studied this equation and proved that it has only two solutions except when
b= 11 or b= 19, in each case it has exactly three solutions. In [5,6] Maohua stud-
ied the equation x2 ± D= 4pn, with some conditions and he found upper bound
for the solution. In [1] the ﬁrst author with Luca and Togbe´ studied the equation
x2 + 5aÆ13b= yn where a, bP 0 and they proved that it has only the following
solutionsðx; y; a; b; nÞ ¼ ð70; 17; 0; 1; 3Þ; ð142; 29; 2; 2; 3Þ; ð4; 3; 1; 1; 4Þ:
In this paper, we consider the Diophantine equations of thex2  4pm ¼ yn; ð1Þ
andx2 þ yn ¼ 4pm; ð2Þ
where x, y, m, n are positive integers, p prime, n, mP 3, and we give the upper
bound for n which only depends on p.
2. Auxiliary results
Lemma 1. [2] Let p be a prime number. Let a1 and a2 be two algebraic numbers
which are p-adic units. Denote by f the residue class degree of extension Qp(a1,a2)/
Qp and put D = [Q(a1,a2:Q]/f. Let b1 and b2 be two positive integers and putKu ¼ ab11  ab22 :
Denote by A1 > 1 and A2 > 1 two real numbers such thatlogAi P maxfhðaiÞ; ðlog pÞ=Dg; i ¼ 1; 2
and putb0 ¼ b1
D logA2
þ b2
D logA1
:If a1 and a2 are multiplicatively independent, then we have the lower boundmpðKuÞ 6 24pðp
f  1Þ
ðp 1Þðlog pÞ4D
4 max log b0 þ log log pþ 0:4; 10 log p
D
; 5
  2
 logA1 logA2:Lemma 2. [3] Let a1P 1 and a2P 1 be two real algebraic numbers. Let b1 and b2
two positive integers and putKa ¼ b1 log a1  b2 log a2
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satisfyinglogAi P maxfhðaiÞ; 1=Dg; i ¼ 1; 2
Finally, putb0 ¼ b1
D logA2
þ b2
D logA1
:If a1 and a2 are multiplicatively independent, then we have the lower boundlog jKajP 32:31D4ðmaxflog b0 þ 0:18; 0:5; 10=DgÞ2 logA1 logA2:Lemma 3. [8] Let d> 1 be a squarfree integer, and let k be a positive odd integer,
coprime to d. Denote by s> 1 the fundamental unit of the ﬁeld Qð ﬃﬃﬃdp Þ. If X, Y and
Z are three positive integers satisfyingX2  dY2 ¼ kZ;
then there exist positive integers a, b, t and m with a ” b(mod2), a and b even if d
f 1(mod4), such thatXþ Y
ﬃﬃﬃ
d
p
¼ st aþ b
ﬃﬃﬃ
d
p
2
 !mMoreover, 0< t 6 m and the integer Z/m divides the class number of the ﬁeld Qð ﬃﬃﬃdp Þ.
Lemma 4. [7] Let p be an odd prime. Denote by hp and Rp the class number and the
regulator of the quadratic ﬁeld Qð ﬃﬃﬃdp Þ. Then we have the upper bounds.hp 6 0:5p1=2and 0:4812 < Rp 6 hpRp 6 p1=2 logð4pÞ:3. Main result
We state our main result, depending only on the value of p in the following
theorem.
Theorem. Let pP 11 be a prime integer. The Diophantine Eqs. (1) and (2) such
that n, mP3 odd integers and (x,y) = 1 may have solutions only if n 6 4 · 106p3/
2(log4p)2(Rp + 0.6).
Proof. Since (x,y) = 1, therefore y and x are odd integers. If y= 1, then Eq. (1) is
impossible modulo 4 and Eq. (2) becomesx2  1 ¼ 4pm;
which implies
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x 1 ¼ 2:We get p= 2 and m= 1 which is not true, so y> 2. Let (x,y,m,n) be a solution
of (1) and (2) with m odd. Denote by s> 1 the fundamental unit of the ﬁeld
Qð ﬃﬃﬃdp Þ and by hp and Rp = logs its class number and regulator respectively. By
Lemma 3, there exists an algebraic integer e ¼ aþb
ﬃﬃ
p
p
2
in Qð ﬃﬃﬃdp Þ, and positive inte-
gers t and m such that 0 < t 6 m andxþ 2pðm1Þ=2 ﬃﬃﬃpp ¼ emst x 2pðm1Þ=2 ﬃﬃﬃpp ¼ emðksÞt ð3Þ
Where e denotes the conjugate of e over Qð ﬃﬃﬃdp Þ and k 2 {1,  1} is the norm of s.
Moreover,m divides n and n divides hpm ð4Þ
From (3) we deduce the equation4pðm1Þ=2
ﬃﬃﬃ
p
p ¼ emst  emðksÞt: ð5Þ
If we putKu ¼
4pðm1Þ=2
ﬃﬃﬃ
p
p
emst
¼ e
e
 m
 ðks2Þt; ð6Þthen we have mpðKuÞ ¼ m2. In order to bound n, we apply Lemma 1 to (6) with the
parametersa1 ¼ e
e
; a2 ¼ ks2; b1 ¼ m; b2 ¼ t; f ¼ 1; d ¼ 2:Hereh
e
e
 
¼ log e; and hðks2Þ ¼ Rp;hencelogA1 P max log e; log
p
2
n o
; and logA2 P max 2Rp; log
p
2
n o
:So we havelogA1 ¼ 1:54 log e; logA2 ¼ Rp log p
0:96and we haveb0 ¼ 0:48m
Rp log p
þ t
3:08 log e
:Hence b0 log p < 2m, which implieslog b0 þ log log pþ 0:4 < log 2þ logmþ 0:4:
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The case of Eq. (1). From (3) we have inferred that emst 6 4pm/2, hence2m log e 6 2t log sþ log 16þm log p;
together with (7), it yields2mm 6 1232pðlog pÞ3Rpðm log pþ log 16þ 2tRpÞðmaxflog mþ 1:1; 5
 log pgÞ2: ð8ÞFrom (4p)m > 4pmP 2n and (4) we deduce thatt
m
6 m
m
6 n
m
6 log 4p
log 2
;hence, using (8) and mP 3, we getm 6 4093pðlog pÞ3 log 4pRpðRp þ 0:6Þðmax log mþ 1:1; 5 log pf gÞ2: ð9Þ
Assume ﬁrst that max{logm+ 1.1,5logp} = 5logp, then we get from (4) and (9)mhp 6 4093ðlog pÞ3p log 4phpRpðRp þ 0:6Þ  25ðlog pÞ2:
From Lemma 4 we obtainn 6 102325P3=2ðlog 4pÞ2ðRp þ 0:6Þ:
And if max{logm+ 1.1,5logp} = logm+ 1.1, in order to get a better bound for n,
we search an upper bound for m of the shape m 6 cplog4pRp(Rp + 0.6), with a suit-
able constant c.
Since pP 11, we see that c must satisfy the inequality cP 37684(logc+ 2.75)2.
Thus we may choose c= 4 · 106 and from Lemma 4 we getn 6 4 106P3=2ðlog 4pÞ2ðRp þ 0:6Þ:
The case of Eq. (2). Divides Eq. (5) by emst we getKu ¼
4pðm1Þ=2
ﬃﬃﬃ
p
p
emst
¼ 1 e
e
 m
ðks2Þt: ð10ÞIf Ku P 12, then 8p
ðm1Þ=2 ﬃﬃﬃpp P emst which implies2m log e 2t log s 6 log 64þm log p:
If Ku < 12, then 2Ku < 1 andj logð1 KuÞj 6 2Ku: ð11Þ
From (10) we getjm log j e
e
j  t log s2j 6 jm log e
e
 
 t logðks2Þj 6 j logð1 KuÞj ð12Þ
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e
; a2 ¼ ks2; b1 ¼ m; b2 ¼ t; D ¼ 2;we getlogA1 ¼ log e; logA2 ¼ Rp;
and we haveb0 ¼ t
2 log e
þ m
2Rp
:Then b0 6 1:93m, which implies log b0 6 log 1:93þ log m. From (11) we have,
log 2þ logKu P 517Rpmaxflog mþ 0:47; 5g2 log e: ð13ÞSince 4p
ðm1=2Þ
emst ¼ Ku, thereforelogKu ¼ m
2
log pþ log 4 m log eþ t log s ð14ÞFrom (13) and (14), we getlog 2þm
2
log pþ log 4 m log eþ t log s
P 5172Rpmaxflog mþ 0:47; 5g2 log e; m log e t log s
6 log 2þ log 4þm
2
log pþ 517Rpmaxflog mþ 0:47; 5g2 log e; ð15Þand using (7) we getm log e t log s 6 3 log 2þ 616ðlog pÞ3pRpmaxflog mþ 1:1; 5 log pg2
 log eþ 517Rpmaxflog mþ 0:47; 5g2 log e: ð16Þ
First assume e 6 exp(2Rp), so2
log y
6 4Rp
log 3 log e
: ð17ÞFrom (3) we get emst > yn/2, which impliesm log e t log s > n
2
log y ð18ÞNow (16) and (18) we getn 6 5164:31pR2pðlog pÞ3 maxflog nþ 1:1; 5 log pg2 þ 4334:33R2pmaxflog n
þ 0:475g2:As before, we search an upper bound for n of the shape n 6 cp3/2(log4p)2(Rp +
0.6). Using Lemma 4 and a few calculation, we show that it sufﬁces that c satisﬁescP 5164:3maxflog cþ 2:74g2 þ 4334:33maxflog cþ 3:37g2:
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which gives the boundn 6 4 106p3=2ðlog 3pÞ2ðRp þ 0:6Þ:
And if e> exp(2Rp), thenm log e tRp P m
2
log e ð20ÞFrom (16) and (20) we getm 6 1:8062þ 1232ðlog pÞ3pRpmaxflog mþ 1:1; 5 log pg2 þ 1034Rpmaxflog m
þ 0:47; 5g2:Hence, by (4)n 6 1:8062hp þ 1232ðlog pÞ3pðhpRpÞmaxflog nþ 1:1; 5 log pg2 þ 1034ðhpRpÞ
 maxflog nþ 0:47; 5g2:And it is easy to show that (19) also holds in this case. Hence the last statements of
the theorem is proved. hReferences
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